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Abstract. The N = 2∗ Yang-Mills theory in four dimensions is a non-conformal theory
that appears as a mass deformation of maximally supersymmetric N = 4 Yang-Mills
theory. This theory also takes part in the AdS/CFT correspondence and its gravity dual is
type IIB supergravity on the Pilch-Warner background. The finite temperature properties
of this theory have been studied recently in the literature. It has been argued that at
large N and strong coupling this theory exhibits no thermal phase transition at any non-
zero temperature. The low temperature N = 2∗ plasma can be compared to the QCD
plasma. We provide a lattice construction of N = 2∗ Yang-Mills on a hypercubic lattice
starting from the N = 4 gauge theory. The lattice construction is local, gauge-invariant,
free from fermion doubling problem and preserves a part of the supersymmetry. This
nonperturbative formulation of the theory can be used to provide a highly nontrivial check
of the AdS/CFT correspondence in a non-conformal theory.
1 Introduction
Supersymmetric quantum field theories form an interesting class of theories by themselves. We can
construct many phenomenologically relevant models using these theories as starting points. Many
of the interesting features of supersymmetric field theories occur when the coupling parameter is of
order one. It is difficult to study analytically the strong coupling regimes of quantum field theories in
general. If we could formulate them on a spacetime lattice, in a consistent manner, we would have a
first principles definition of the theory that can be used to study their nonperturbative regimes. Certain
classes of supersymmetric field theories can be formulated on a spacetime lattice by preserving a
subset of supersymmetries. These approaches are based on the methods of topological twisting and
orbifolding and they can be used to study theories with extended supersymmetries.
Supersymmetric lattices have been constructed for several classes of theories in various space-
time dimensions [1–13], including the well known N = 4 supersymmetric Yang-Mills theory in four
spacetime dimensions.
Here we detail a lattice construction of a very interesting theory, known asN = 2∗ supersymmetric
Yang-Mills (SYM) theory. (See also Ref. [14].) This four-dimensional non-conformal theory is a one-
parameter mass deformation of four-dimensionalN = 4 SYM theory. This theory also takes part in
the AdS/CFT correspondence. Its gravitational dual has been constructed by Pilch and Warner [15].
⋆Speaker, e-mail: anosh.joseph@icts.res.in
In the recent past, supersymmetric lattice constructions have been used to test and validate the
gauge-gravity duality conjecture [16–24]. See Refs. [25, 26] for computer codes developed for simu-
lating such supersymmetric theories.
We use the method of topological twisting to construct N = 2∗ SYM on a Euclidean spacetime
lattice. The lattice construction preserves one supersymmetry charge at finite lattice spacing. The
lattice formulation is also local, gauge invariant and free from the problem of fermion doublers.
One could use this construction to explore the nonperturbative regimes of the theory, including its
thermodynamic properties, and compare with the results obtained from the gravitational side.
2 Four-dimensional N = 4 Yang-Mills
We consider N = 4 supersymmetric Yang-Mills theory (SYM) on flat R4. In the language of N = 1
superfieldsN = 4 SYM theory contains one vector multiplet V and three adjoint chiral multiplets Φs,
with s = 1, 2, 3.
The physical component fields of the superfields are
V −→ Aµ, λ4α, λ4α˙; Φs,Φ†s −→ φs, λsα, φ†s, λ
s
α˙. (1)
The global symmetry group of the theory is S U(2)L×S U(2)R×S U(4), where S U(2)L×S U(2)R ≃
S O(4) is the Euclidean Lorentz rotation group and S U(4) ≃ S O(6) denotes the R-symmetry group.
The gauge fields Aµ are scalars under S U(4). The gauginos, λsα and λ
s
α˙, and the six scalars, φs
and φ†s transform as 4 ⊕ 4 and 6, respectively under S U(4) internal rotation symmetry. The scalars
can be packaged into an antisymmetric and self-conjugate tensor φuv (u, v = 1, 2, 3, 4) representing the
indices of the fundamental representation of S U(4). In this notation the gauginos of vector and chiral
multiplets can be combined: λuα, λ
u
α˙. All fields are in the adjoint representation of the gauge group
G. Here we take G to be S U(N).
3 Mass Deformation and N = 2∗ Yang-Mills
We can combine the superfield V and one of the adjoint chiral superfields say, Φ3 to form an N = 2
vector multiplet. We can combine the chiral superfields Φ1 and Φ2 to form an N = 2 hypermultiplet.
The N = 2∗ SYM theory is a one-parameter (real) mass deformation of N = 4 SYM obtained by
giving mass to the fields ofN = 2 hypermultiplet. The mass terms break supersymmetry softly from
N = 4 to N = 2. The N = 2∗ SYM theory has a fixed point in the far UV, which is the conformal
N = 4 SYM theory. The mass deformation is relevant and it induces running in the coupling, so that
in the deep IR the theory becomes pureN = 2 SYM theory.
The mass deformation takes the following form, on flat R4, in terms of the component fields
[27, 28]
S m =
1
g2
∫
d4x Tr
(
− mλ α1 λ2α − mλ
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, (2)
where m is the mass parameter and g the coupling constant of the theory. The mass deformation gives
conventional mass terms for 2 Weyl fermions and 2 complex scalars and also tri-linear couplings
between theN = 2 hypermultiplet scalars and the vector multiplet scalar φ3.
The action of theN = 2∗ SYM can be expressed as [28, 29]
SN=2∗ = SN=4 + S m, (3)
where SN=4 is theN = 4 SYM action
The theory has an S U(2)×U(1) R-symmetry. The symmetry breaking gives equal masses to 2 of
the 4 Weyl fermions. The S U(2) acts on the 2 massless fermions, and the U(1) ≃ S O(2) mixes the 2
massive fermions.
4 Vafa-Witten Twist of N = 4 Yang-Mills
We are interested in formulating N = 2∗ Yang-Mills theory on a Euclidean spacetime lattice. We
begin with N = 4 Yang-Mills theory on flat R4. We are interested in discretizing a twisted version
ofN = 2∗ Yang-Mills theory. The process of twisting produces at least one nilpotent supersymmetry
and this part of the supersymmetry algebra can be easily transported onto the lattice by preserving part
of the supersymmetries. We are interested in the Vafa-Witten twist of the N = 4 Yang-Mills theory
[30]. For this particular twist, the internal symmetry group S U(4) is decomposed as S U(2)F×S U(2)I
such that the twisted global symmetry group is
S U(2)′L × S U(2)R × S U(2)F , (4)
where
S U(2)′L = diag
(
S U(2)L × S U(2)I
)
, (5)
and S U(2)F remains as a residual internal symmetry group. The fields and supercharges of the un-
twisted theory are rewritten in terms of the twisted fields.
The process of twisting gives rise to the following fields. In the bosonic sector we have a gauge
field Aµ, a self-dual 2-form Bµν and three scalars φ, φ,C. The fermions are two 0-forms η, ζ two 1-
forms ψµ, χµ and two 2-forms χµν, ψµν. We note that when the theory is formulated on a flat manifold
or in general on a hyper-Kahler manifold, the twisted theories coincide with the physical theory [30].
The subset of the twisted fields (Aµ, φ, φ, η, ψµ, χµν) can be readily recognized as the twisted vector
multiplet of the four-dimensional N = 2 SYM (Donaldson-Witten theory) [31]. The twisted theory
contains an N = 2 hypermultiplet with the field content (C, Bµν, ζ, χµ, ψµν). We make this hypermul-
tiplet massive when we construct the twisted N = 2∗ SYM theory.
4.1 Q Supersymmetry Transformations
The twisting procedure gives rise to the following twisted supercharges: two scalars (Q, Q˜), two
vectors (Qµ, Q˜µ) and two self-dual tensors (Qµν, Q˜µν). All twisted supercharges leave the twisted
N = 4 SYM action invariant.
We are interested in the scalar supercharges Q and Q˜. Introducing two auxiliary fields, Hµ and
Hµν, the off-shell action of the Q supercharge on the twisted fields takes the following form
QAµ = −ψµ, QC =
√
2ζ,
Qψµ = −2
√
2Dµφ, Qζ = −2[φ,C],
Qφ = 0,
Qφ =
√
2η, Qχµ = 2Hµ, (6)
Qη = −2[φ, φ], QHµ = −
√
2[φ, χµ],
Qχµν = 2Hµν, QBµν =
√
2ψµν,
QHµν = −
√
2[φ, χµν] Qψµν = −2[φ, Bµν].
The Q supercharge satisfies the algebra Q2 = δ
g
γ with δ
g
γ denoting the gauge transformation with
parameter γ = 2
√
2φ. Similarly we can write down the Q˜ supersymmetry transformations of the
twisted theory. We have Q˜2 = δ
g
−γ.
4.2 Twisted Action
We can obtain the twisted action of the N = 4 SYM through successive variations of Q and Q˜ on a
functional F known as the action potential [27, 32]. We have the twisted action
SN=4 =
1
g2
∫
d4x QQ˜ F , (7)
where the action potential
F = Tr
(
− 1
2
√
2
BµνFµν − 1
24
√
2
Bµν[Bµρ, Bνρ] − 1
8
χµνψµν − 1
8
ψµχµ − 1
8
ηζ
)
. (8)
The Vafa-Witten twisted action can be written as the Q variation of a gauge fermion Ψ (which in
turn is the Q˜ variation of F )
SN=4 =
1
g2
∫
d4x QΨ, (9)
with Ψ taking the form
Ψ = Tr
(
χµν
[1
2
Fµν +
1
4
Hµν +
1
8
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1
4
[C, Bµν]
]
+
1
2
√
2
ψµ(Dµφ) − 1
4
η[φ, φ]
−1
4
ζ[C, φ] − 1
4
ψµν[Bµν, φ] + χµ
[1
4
Hµ − 1
2
√
2
(DµC) − 1
2
√
2
(DνBνµ)
])
. (10)
Applying Q variation on the gauge fermion we obtain the twisted N = 4 SYM action.
5 Twisted N = 2∗ Yang-Mills
Once we know the transformations from the untwisted fields to twisted fields it is easy to write down
the action of the N = 2∗ SYM theory in the twisted language. The N = 2∗ SYM theory is obtained
by giving masses to theN = 2 hypermultiplet fields (C, Bµν, ζ, χµ, ψµν).
We can rewrite the mass terms of the untwisted theory using twisted variables. We have
SN=2∗ = SN=4 + S m, (11)
where SN=4 is the twisted N = 4 SYM action and S m has the form
S m =
1
g2
∫
d4x Tr
[
− 1
2
m2B2µν −
1
2
m2C2 +
im√
2
(ψ12ψ23 + ψ13ζ) − im√
2
(χ1χ2 − χ3χ4)
−1
2
mφ
(
[Bµν, Bµν] + [C,C]
)
− 1
2
mφ
(
[Bµν, Bµν] + [C,C]
)
+imφ
(
[B12, B23] + [B13,C]
)
+ imφ
(
[B12, B23] + [B13,C]
)]
. (12)
From the above form of the twistedN = 2∗ SYM action we note the following: (i.) The net U(1)R
charge of S m is non-zero. There are mass terms with U(1)R charge −2, 0 and +2, (ii.) There are mass
terms that are not invariant under twisted Lorentz symmetry, (iii.) The piece S m breaks the exchange
symmetry under Q ↔ Q˜. This is expected since we have given mass to only one of the N = 2
hypermutiplets.
5.1 Mass-dependent Q˜ and Q Transformations
We would like to write down the N = 2∗ SYM action in a Q-exact form, with an appropriate gauge
fermion. In order to achieve this we need to modify the Q and Q˜ transformations on the twisted fields
in a mass dependent way.
We modify the off-shell Q transformations in a mass dependent way. Defining the modified su-
percharge Q(m) we have the following transformations
Q(m)Aµ = −ψµ, Q(m)ψµ = −2
√
2Dµφ,
Q(m)φ = 0,
Q(m)φ =
√
2η, Q(m)η = −2[φ, φ],
Q(m)C =
√
2ζ, Q(m)ζ = −2[φ,C] + 2mC, (13)
Q(m)χµ = 2Hµ, Q
(m)Hµ = −
√
2[φ, χµ] +
√
2mχµ,
Q(m)Bµν =
√
2ψµν, Q
(m)ψµν = −2[φ, Bµν] + 2mBµν,
Q(m)χµν = 2Hµν, Q
(m)Hµν = −
√
2[φ, χµν].
The Q(m) supercharge satisfies the algebra: (Q(m))2X = 2
√
2[X, φ] + 2
√
2mαX, with α = 1 for the
fields X = {ζ, χµ, ψµν,C, Hµ, Bµν} and α = 0 for the rest of the fields.
It would be interesting to see if the deformation part of the algebra represents rotation by an
R-symmetry generator. Similar topics were considered in Ref. [33] by Hanada, Matsuura and Sugino.
We can obtain theN = 2∗ SYM action as a Q(m) variation of the followingmodified gauge fermion
Ψ(m) = Tr
(
χµν
[1
2
Fµν − 1
4
Hµν − 1
8
[Bµρ, Bνρ] − 1
4
[C, Bµν]
]
+
1
2
√
2
ψµ(Dµφ) − 1
4
η[φ, φ]
+(V +W +Y) − 1
4
ζ[C, φ] − 1
4
ψµν[Bµν, φ] + T
+χµ
[
− 1
2
√
2
(DµC) − 1
2
√
2
(DνBνµ)
])
, (14)
whereV ≡ − 1
4
m
(
(ψ12 − iψ23)(B12+ iB23)+ (ψ13− iζ)(B13+ iC)
)
,W ≡ i
4
(
−ψ12[φ, B23]+ψ23[φ, B12]+
η[B12, B23]
)
,Y ≡ i
4
(
− ψ13[φ,C] + ζ[φ, B13] + η[B13,C]
)
and T ≡ 1
4
(
(χ1 − iχ2)(H1 + iH2) + (χ3 +
iχ4)(H3 − iH4)
)
.
It is straightforward to show that the Q(m) variation of Ψ(m) will produce the twisted action of
N = 2∗ SYM
SN=2∗ =
1
g2
∫
d4x Q(m)Ψ(m). (15)
6 Lattice Formulation
6.1 Balanced Topological Field Theory Form
We can rewrite the Vafa-Witten twisted N = 4 SYM theory in a form known as the balanced topo-
logical field theory (BTFT) form. The existence of two scalar supercharges Q and Q˜ would allow us
to express the N = 4 theory in this form. In Ref. [34] Dijkgraf and Moore wrote down the BTFT
form of the Vafa-Witten twisted theory. Sugino has used this approach to formulate four-dimensional
N = 4 andN = 2 SYM theories on a hypercubic lattice [1].
We can define a three component vector ~Φ, which is a function of the field strength. The compo-
nents of this vector take the form ΦA ≡ 2(FA4 + 1/2ǫABCFBC), with A, B,C = 1, 2, 3. Similarly we
introduce 3-component vector fields ~B, ~H, ~ψ and ~χ.
The action potential takes the following form using the BTFT notation
F =
(
− 1
2
√
2
BAΦA − 1
24
√
2
ǫABC BA[BB, BC] − 1
8
χAψA − 1
8
ψµχµ − 1
8
ηζ
)
, (16)
and the twisted action can be expressed in BTFT form, arising from Q˜ and Q variations of F .
6.2 Lattice Regularized Theory
We formulate the theory on a four-dimensional hypercubic lattice following the discretization pre-
scription given by Sugino [1]. In the lattice theory the gauge fields Aµ are promoted to compact
unitary variables
Uµ(n) ≡ U(n, n + µ) = eAµ(n), U†µ(n − µ) ≡ U(n, n − µ) = e−Aµ(n) (17)
on the link (n, n + µ). All other variables are distributed on the sites.
Upon using the language of BTFT form we have the Q(m) transformations on the lattice
Q(m)Uµ(n) = −ψµUµ(n), Q(m)ψµ(n) = ψµ(n)ψµ(n) − 2
√
2D(+)µ φ(n),
Q(m)φ(n) = 0,
Q(m)φ(n) =
√
2η(n), Q(m)η(n) = −2[φ(n), φ(n)],
Q(m)C(n) =
√
2ζ(n), Q(m)ζ(n) = −2[φ(n),C(n)]+ 2mC(n), (18)
Q(m)χµ(n) = 2Hµ(n), Q
(m)Hµ(n) = −
√
2[φ(n), χµ(n)] +
√
2mχµ(n),
Q(m)BA(n) =
√
2ψA(n), Q
(m)ψA(n) = −2[φ(n), BA(n)] + 2mBA(n),
Q(m)χA(n) = 2HA(n), Q
(m)HA(n) = −
√
2[φ(n), χA(n)].
These transformations were originally proposed by Sugino in Ref. [1], for the m = 0 case, while
formulating the N = 4 andN = 2 SYM theories on the lattice.
In the above transformations D(+) and D(−) are the forward and backward covariant difference
operators, respectively: D
(+)
µ f (n) = Uµ(n) f (n+µ)U
†
µ(n)− f (n), D(−)µ gµ(n) = gµ(n)−U†µ(n−µ)gµ(n−
µ)Uµ(n − µ).
The Q(m) transformations reduce to their continuum counterparts in the limit of vanishing lattice
spacing. The term quadratic in ψµ is suppressed by additional power of the lattice spacing.
(
Q(m)
)2
on
the lattice obeys a relation similar to the one given in the continuum.
Once we have the Q(m) transformation rule closed among lattice variables, it is almost straightfor-
ward to construct the lattice action.
The functional ΦA takes the following form on the lattice [1]
ΦA(n) = −
(
UA4(n) − U4A(n) + 1
2
3∑
B,C=1
ǫABC(UBC(n) − UCB(n))
)
. (19)
The plaquette variables Uµν(x) are defined as: Uµν(n) ≡ Uµ(n)Uν(n + µ)Uµ(n + ν)†Uν(n)†.
We can integrate out the auxiliary field ~H(n) so that the ~Φ(n)2 term gives the gauge kinetic term
on the lattice
1
2g2
0
∑
n
∑
µ<ν
Tr
[
− (Uµν(n) − Uνµ(n))2
]
. (20)
We note that the above term contains double winding plaquette terms. On the other hand, the
standard Wilson action has a unique minimum Uµν = 1.
The lattice action has many classical vacua: the center elements of S U(N) and also the configura-
tions Uµν = diag(±1, · · · ,±1), up to gauge transformations, with any combinations of ±1, with ‘−1’
appearing even times are allowed in the diagonal entries.
It has some serious consequences. Since the diagonal entries can be taken freely for each plaquette,
it results in a huge degeneracy of vacua with the number growing as exponential of the number of
plaquettes. We need to add up contributions from all the minima in order to see the dynamics of the
model. In this case, the ordinary weak field expansion around a single vacuum Uµν = 1 cannot be
justified. That is, we are unable to say anything about the continuum limit of the lattice theory without
its nonperturbative investigations.
We could add a term proportional to the standard Wilson action to the lattice action in order to
resolve the degeneracy
∆S =
ρ
2g2
0
∑
n
∑
µ<ν
Tr
[
2 − Uµν(n) − Uνµ(n)
]
, (21)
where ρ is a parameter to be tuned. This term resolves the degeneracy with the split 4ρ/g2
0
[1].
However, this term breaks Q(m) supersymmetry, even though it justifies the expansion around the
vacuum Uµν = 1.
TheN = 2∗ SYM action has the following form on the lattice
SN=2∗ = βL
∑
n
Q(m)Ψ(m)(n), (22)
with βL denoting the lattice coupling.
It is possible to show that the lattice theory has no fermion doubling problem by following an
analysis similar to the one given in [1]. We note that the lattice action of N = 2∗ SYM formulated
here is: (i.) gauge invariant, (ii.) local, (iii.) doubler free and (iv.) exact supersymmetric under one
supersymmetry charge.
We also note that it would be possible to impose the admissibility condition [35] ||1 − Uµν|| < ǫ,
with ǫ a parameter to be determined, on each plaquette variable in order to solve the issues with
vacuum degeneracy while keeping supersymmetry. The admissibility condition is imposed on the
gauge fermion and it does not affect the Q-exact structure of the theory. Ref. [36] discusses another
method to avoid the degeneracy while preserving Q supersymmetry.
7 Conclusions
We have provided a lattice construction of N = 2∗ SYM that respects gauge invariance, locality,
and supersymmetry invariance under one supercharge. The formulation is also free from fermion
doubling problem. We have also provided the continuum twisted formulation of N = 2∗ SYM. The
nonperturbative construction ofN = 2∗ SYM discussed here can be used to simulate the theory at any
finite value of the gauge coupling, mass parameter and number of colors. It would be interesting to
simulate the lattice theory and study the observables related to the AdS/CFT correspondence.
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